An observer-based robust adaptive fuzzy control scheme is presented to tackle the problem of the robust stability and the tracking control for a class of multiinput multioutput (MIMO) nonlinear uncertain systems with delayed output. Because the nonlinear system functions and the uncertainties of the controlled system including structural uncertainties are supposed to be unknown, fuzzy logic systems are utilized to approximate these nonlinear system functions and the upper bounded functions of the uncertainties. Moreover, the upper bound of uncertainties caused by these fuzzy modeling errors is also estimated. In addition, the state observer based on state variable filters is designed to estimate all states which are not available for measurement in the controlled system. By constructing an appropriate Lyapunov function and using strictly positive-real (SPR) stability theorem, the proposed robust adaptive fuzzy controller not only guarantees the robust stability of a class of multivariable nonlinear uncertain systems with delayed output but also maintains a good tracking performance. Finally, some simulation results are illustrated to verify the effectiveness of the proposed control approach.
Introduction
Controller design for nonlinear systems has been given a lot of attention in the control community during the last two decades. Recently, the methods of feedback linearization have been successfully applied in the development of controllers for a class of nonlinear systems [1, 2] . However, the above techniques can be only applied to nonlinear systems whose dynamics are exactly known. Actually, it is difficult to obtain the exact construction of the systems in most of industrial and engineering systems because of the complexity of systems. In addition, the existence of uncertainties such as parameter uncertainties, modeling errors, and external disturbances may lead to poor performance and instability [3] [4] [5] [6] [7] [8] . Hence, the study of robust stability of nonlinear uncertain systems in the presence of uncertainties is an important topic for the control design engineer.
Recently, fuzzy control technique has been considered extensively in the control problems of complex and ill-defined nonlinear systems in the presence of incomplete knowledge of the plant [3, [9] [10] [11] [12] [13] [14] [15] . However, the above adaptive fuzzy controllers are only limited to the systems under the conservative assumption that system states are available for measurement. In order to relax this restriction, an observer-based fuzzy adaptive output feedback control for the SISO nonlinear systems is presented to tackle the nonlinear systems whose states are not available [16] [17] [18] [19] [20] [21] [22] [23] . So far, few research results have been extended to MIMO nonlinear systems [24, 25] . The common feature of most previous results [16, 19, 24, 25] is the assumption that the controlled systems are free of uncertainties. Although the above restrictive assumption can be relaxed in [17, 18, [20] [21] [22] [23] , the uncertainties are assumed to be a bounded external disturbance. Therefore, the motivation of this paper is to synthesize an observer-based robust adaptive fuzzy control scheme to deal with the tracking control problem for a class of MIMO nonlinear uncertain systems with delayed output in the presence of uncertainties including the structural uncertainty.
On the other hand, the design problem of nonlinear timedelay systems has received considerable attention in [26] [27] [28] [29] [30] [31] because time-delay characteristic often encountered in 2 Mathematical Problems in Engineering various engineering systems may not only cause instability but also lead to serious deterioration in the performance of the plants. By employing the input-output approach and the scaled small gain theorem, the filtering problem for discretetime T-S fuzzy systems with time-varying delay has been studied [26] . The robust ∞ control problem for stochastic systems with a delay in the state is investigated in [28] , and the results are further extended to the stochastic timedelay systems with parameter uncertainties. The problems of stability analysis and robust control for uncertain systems with input delay were examined in [29, 31] . In [27] , the design scheme of output feedback controller for a class of SISO nonlinear systems with delayed output was proposed to construct a delay-dependent controller making the closed-loop system globally asymptotically stable. In [30] , a new approach for the construction of a state observer for SISO nonlinear systems with delayed output was presented to ensure the global exponential convergence to zero of the observation error. It should be pointed out that the uncertainty was not taken into account in [27, 30] . Therefore, the robust control problem of MIMO nonlinear systems with delayed output in the presence of uncertainties will be considered in this paper.
In this paper, the problem of controller design for a class of MIMO nonlinear uncertain output-delay systems whose states are not available is considered. The main features of the proposed observer-based robust adaptive fuzzy controller are summarized as follows. (i) Fuzzy logic systems with some appropriate learning laws are applied to approximate the nonlinear system functions and the upper bounded functions of the uncertainties including the structural uncertainty.
(ii) The unknown upper bound of the uncertainties caused by approximation (or fuzzy modeling) error is estimated by a simple adaptive law. (iii) The state observer based on state variable filters is designed to estimate all states which are not available for measurement in the controlled system. (iv) By constructing an appropriate Lyapunov function and using strictly positive-real (SPR) stability theorem, the proposed robust adaptive fuzzy output feedback controller can not only guarantee the robust stability of the whole closed-loop system but also obtain the good tracking performance.
This paper is organized as follows: the description of the system and the concept of fuzzy logic systems are given together in Section 2. Section 3 proposes an observer-based robust adaptive fuzzy output feedback controller to achieve the purpose of asymptotic stabilization and output tracking performance of the whole closed-loop MIMO nonlinear uncertain systems with delayed output. In Section 4, a series of simulation results are illustrated to show the effectiveness of the proposed control scheme. Finally, a conclusion is given in Section 5.
Problem Formulation and Preliminaries

Problem Formulation.
Consider a class of MIMO nonlinear uncertain systems with delayed output in the following form:̇1
. . .
or equivalentlẏ
where
] ∈ , = 1, 2, . . . , , is the control input,
is the output vector, 1 + 2 +⋅ ⋅ ⋅+ = , > 0 is a known time delay of the system, (x( )) and (x( )) are the unknown nonlinear system functions, and
is the vector of uncertainties.
Now let the output of the system and its derivatives be expressed as follows:
Then, let y = [ 1 , . . . , ] ∈ be the given bounded output desired signal and contain finite derivatives up to the th order. The tracking errors of the system can be defined as ( ) = ( −1) ( ) − ( −1) ( ), for = 1, 2, . . . , and = 1, 2, . . . , , and its derivatives can be obtained aṡ
where the uncertainty Δ (x, u) including the structural uncertainty is defined as
Thus, (5) can be expressed aṡ
From (7), it is easy to verify that the tracking error dynamics of the system (2) can be represented in the following form:
2 , . . . ,
Based on the above discussion, the following assumptions should be made for the controller design.
where is a compact set in .
, where ℎ 1 (x) and ℎ 2 (x( − )) are the unknown positive smooth continuous functions.
Remark 3.
Compared with the previous results [27, 30] , the uncertainties including the structural uncertainty are taken into account in this paper. In addition, the uncertainties considered in this paper are not supposed to be a bounded external disturbance unlike the previous results [17, 18, [20] [21] [22] [23] .
The control objective of this paper is to design a control law u( ) such that y( ) can follow a given desired reference signal y ( ) and guarantee that all the signals involved in the whole closed-loop system are bounded.
Description of Fuzzy Logic Systems.
The basic configuration of the fuzzy logic system consists of four main components: fuzzy rule base, fuzzy inference engine, fuzzifier and defuzzifier [12, 16] . The fuzzy logic system performs a mapping from ⊂ to
The fuzzifier maps a crisp point in into a fuzzy set in . The fuzzy rule base consists of a collection of fuzzy IF-THEN rules:
in which x = [ 1 , 2 , . . . , ] ∈ and ∈ ⊂ are the input and output of the fuzzy logic system, and are fuzzy sets in and , respectively. is the number of rules. The fuzzy inference engine performs a mapping from fuzzy sets in to fuzzy sets in , based upon the fuzzy IF-THEN rules in the fuzzy rule base and the compositional rule of inference. The defuzzifier maps a fuzzy set in to a crisp point in . Through singleton fuzzification, center average defuzzification, and product inference, the output of the fuzzy logic system can be expressed as 
where ( ) is the membership function of the fuzzy set. Now let MIMO fuzzy logic systems be expressed as follows: 
Observer-Based Robust Adaptive Fuzzy Controller Design and Stability Analysis
According to the description of the fuzzy logic systems presented in Section 2.2, we can construct the following fuzzy logic systems, over a compact set Ω x , to approximate the unknown nonlinear functions (x( )) and (x( )) and the unknown upper bounded functions ℎ 1 (x), ℎ 2 (x( − )) as follows:̂(
Based on the above statements, it can be easily shown that
Suppose the state variables of the controlled system (1) are available for measurement, then the following robust adaptive fuzzy controller u( ) can be adopted to let the system achieve the above control objective and can be defined as follows:
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. . , , is the control gain matrix such that the characteristic polynomial of A − BK is Hurwitz. The robust compensator u ( ) will be designed to compensate the fuzzy approximation errors and the uncertainties. However, the state variables of the system are unavailable for measurement in many engineering systems. In addition, although the tracking error vector e can be obtained ideally by successive differentiation of 1 ( = 1, 2, . . . , ), ideal differentiators are physically unrealizable. Obviously, we must employ a state observer to estimate x and e and letx andê be the estimates of x and e, respectively. Then replacingF(x | 1 ), − ) ),x, andê, respectively, the robust adaptive fuzzy controller (18) cannot be used to control the nonlinear system (2) and will be modified as the following form:
wherê
Substituting (19) into (8) yieldṡ
In order to estimate the output tracking error vector, we design the observer as follows:
where 
Then by (23) and (24), we obtaiṅ
It is assumed that 1 , 2 , ℎ 1 , and ℎ 2 belong to compact sets Ω
, and Ω ℎ 2
, respectively, which are defined as , respectively. Also the parameter estimation errors are defined as
Then, the minimum approximation errors which correspond to the optimal parameter vectors are defined as
Applying (29), (30) , and (32), (26) can be rewritten aṡ
Then, the output error dynamics in (34) can be expressed as follows:
Obviously, the transfer function H(s) is a known stable transfer function matrix. In order to utilize the SPR-Lyapunov design approach, (35) can be represented as 
It is worth noting that L( ) is chosen to be a proper stable transfer function matrix and to make H(s)L(s) to be a proper SPR transfer function matrix. Then the state-space realization of (37) can be written aṡ
with
We define
wherêis the estimate of an unknown positive constant .
Remark 4. Since L(s)
is chosen as a proper stable transfer function matrix, it is obvious that the norm of ΔΨ (x, u) also satisfies the inequality in Assumption 2. Moreover, the upper bound functions will be replaced byĥ 1 (x | ℎ ) andĥ 2 (x( − )) because the state variables are unavailable for measurement. Based on the Lyapunov stability theorem, we can obtain the robust compensator u ( ) as follows:
where K is the control gain matrix, K is the observer gain matrix, and P 1 and P 2 are the symmetric positive definite matrices and will be solved later. Then, the parameter adaptive learning laws are chosen aṡ
where 1 > 0, 2 > 0, 3 > 0, 4 > 0, and 5 > 0 are the positive adaptive gain constants and can be chosen by the designer.
Remark 5. Without loss of generality, the adaptive laws used in this paper are assumed such that the parameter vectors are within the constraint sets or on the boundaries of the constraint sets but moving toward the inside of the constraint sets. If the parameter vectors are on the boundaries of the constraint sets but moving toward the outside of the constraint sets, we have to use the projection algorithm [12] to modify the adaptive laws such that the parameter vectors will remain inside of the constraint sets. The proposed adaptive laws (46)- (49) can be modified as the following form:
where { 1 Φ (x)B P 1ẽ } is defined as
where { 2 Φ (x)B P 1ẽ u } is defined as
where { 3 ‖ẽ P 1 B ‖ (x)} is defined as
where { 4 ‖ẽ P 1 B ‖ (x( − ))} is defined as
The main result of the proposed observer-based robust adaptive fuzzy control scheme is summarized in the following theorem. (19) and (44)-(45) with adaptation laws given by (46)-(49). For the given positive definite matrices Q 1 and Q 2 , if there exist symmetric positive definite matrices P 1 and P 2 such that the following Lyapunov equations
Theorem 6. Consider the MIMO nonlinear system (2) in the presence of output delay and the uncertainties subject to Assumptions 1-2. The observer-based robust adaptive fuzzy controller is defined by
are satisfied, then all the closed-loop signals are bounded, and the tracking errors converge to a neighborhood of zero.
Proof. Consider the Lyapunov function candidate anḋ= −̇, it can be easily shown from (24) and (39) thaṫ
Applying Assumption 2, (56), and (57), it yieldṡ
According to (33) and (43), we havė
+ẽ P 1 B Φ (x)̃2u +ẽ P 1 B u +ẽ P 1 B+ẽ
Mathematical Problems in Engineering
By employing (46)-(49) and using the control laws (44)-(45), we can obtaiṅ≤
Therefore, it can be concluded thaṫ≤ 0 from (63), and the output tracking error of the closed-loop system converges asymptotically to a neighborhood of zero based on the Lyapunov synthesis approach. This completes the proof.
An Example and Simulation Results
In this paper, a numerical example is illustrated to verify the performance of the proposed observer-based robust adaptive fuzzy controller. Consider the following MIMO nonlinear uncertain system with delayed output:
According to (2), the above equation can be rewritten as the following compact form:
where In the simulation, these nonlinear system functions and uncertainties are assumed to be unknown and are estimated by the fuzzy logic systems. The fuzzy membership functions are chosen as follows:
,
Let
In this section, we apply the observer-based robust adaptive fuzzy controller proposed in Section 3 to deal with the output tracking control problem of an MIMO nonlinear uncertain system with delayed output in (65). The control objective is to force the system output to track the given desired trajectories 1 = 2 = 0.5 sin(2 /10). Figures 1, 2, 3, 4, 5, 6 , and 7. Figures 1 and 2 show the output tracking performance of the system output. Figures 3, 4 , 5, and 6 show the trajectories of the system states and their estimation states. Figure 7 shows the control signal. Obviously, the proposed controller can not only ensure that all the signals of the resulting closed-loop system are bounded but also obtain that the good tracking performance of an MIMO nonlinear uncertain output-delay system is achieved.
Conclusion
For a class of multiinput multioutput (MIMO) nonlinear systems with output delay and uncertainties, a robust adaptive fuzzy output feedback controller is proposed to deal with the problem of robust stability and output tracking control. Since the system states are unavailable for measurement, the elements of the observation error vector cannot be obtained completely. Hence, by means of the strictly positive-real (SPR) theory, all elements of the observation error vector will be obtained completely. Moreover, the fuzzy logic systems and some parameter adaptive laws are used to approximate the unknown nonlinear functions and the unknown upper bounds of the uncertainties including the structural uncertainty. By constructing an appropriate Lyapunov function, the proposed observer-based robust adaptive fuzzy controller can not only guarantee that all the signals in the whole closed-loop system are bounded but also obtain that the output tracking performance of the controlled system with delayed output and uncertainties can be achieved. Finally, some simulation results are provided to illustrate the validity of the proposed approach. 
